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It is known that even a single one-mode squeezed state incident on a beamsplitter is sufficient
to produce bipartite (pure-state) entanglement with respect to the field quadratures. We show
that such entanglement enables quantum teleportation with a fidelity better than could be achieved
in any classical scheme. Furthermore, using a continuous-variable teleportation protocol involving
more than two parties, we show that a single one-mode squeezed state and linear optics is sufficient
to produce a truly N -partite entangled state for arbitrarily many parties, provided that a minimal
amount of squeezing is available. This multipartite entanglement may be made arbitrarily good
using more and stronger one-mode squeezed states.
I. INTRODUCTION
The essential resource used for reliable transmission and processing of quantum information is entanglement. The
nonlocal quantum correlations of entangled states in quantum communication and computation uniquely separate
these domains from their classical counterparts and enable quantum teleportation [1], quantum error correction [2]
and superdense coding [3]. In the majority of theoretical and experimental work on quantum information so far,
the entangled states involved have referred to systems of discrete quantum variables, particularly two-level systems
(“qubits”). Nevertheless, quantum teleportation [4,5], quantum error correction [6–8], quantum dense coding [9] and
quantum computation [10] were also proposed for continuous variables. Both discrete-variable and continuous-variable
schemes mainly rely on bipartite entanglement, the entanglement of two quantum systems shared by two parties. For
pure states, this kind of entanglement is well-understood and can be quantified by the partial entropy (von Neumann
entropy of the reduced density matrix after tracing out either of the subsystems) [11]. Multipartite entanglement,
the entanglement shared by more than two parties, is much more difficult to quantify [12]. Yet in the laboratory, the
creation of multipartite entanglement for discrete-variable systems with two levels or so-called GHZ states [13] has
been reported for single-photon polarization states [14] and using nuclear magnetic resonance [15].
All the schemes, so far, dealing with the quantum information in continuous-variable systems have in common
that their realization is achievable using beamsplitters and squeezed light. In fact, for the experimental realization
of quantum teleportation with continuous variables the entanglement source was a two-mode squeezed vacuum state
generated by superimposing two independently squeezed vacuum states at a beamsplitter [16]. An arbitrary coherent
state was teleported with mean fidelity F = 0.58 ± 0.02 which is better than the best achievable average fidelity of
0.5 for a sender and receiver linked only via classical communication channels. For infinite squeezing, this set-up
would allow perfect teleportation with unit fidelity. Here we use the teleportation fidelity criterion as a signal for
entanglement. In particular, we will show that superimposing a one-mode squeezed vacuum state with vacuum yields a
sufficiently entangled state for teleportation better than classical. This result is in agreement with Paris’s entanglement
measure Ref. [17] for the same state. The bipartite entanglement in this case can be recognized either by calculating
directly the partial entropy of the pure-state entanglement or by demonstrating that these two-mode states enable
quantum teleportation with a fidelity better than any classical scheme. Since the classical fidelity boundary depends
on the set of states (the alphabet) to be teleported, the fidelity is not a general measure for quantifying entanglement.
However, in any particular case, the entanglement may be recognized and its quality indicated by the teleportation
fidelity. For the more general scenarios involving bipartite mixed-state and multipartite pure-state entanglement [12],
entanglement recognition by teleportation fidelity proves very helpful. Note that although all states useful for quantum
teleportation are inseparable, there are inseparable states which are not useful for the ‘usual’ quantum teleportation
as has been shown for discrete variables [18]. In this paper, we will use a continuous-variable teleportation protocol
involving more than two parties to recognize multipartite pure-state entanglement from finite squeezing.
A hint that the superposition of more than two independently squeezed states can yield entanglement between more
than two parties (as “Alice” and “Bob” in ‘usual’ quantum teleportation) has been given in a quantum error correction
protocol for continuous variables using linear optics and squeezed light [6]. We will demonstrate that, remarkably, just
a single one-mode squeezed state is sufficient to generate multipartite entanglement, i.e., entanglement shared by an
arbitrary number of parties. The resulting multipartite entanglement for the continuous field quadratures contains a
finite degree of the correlations of position and momentum in the original EPR paradox [19] generalized to an arbitrary
number of particles. To obtain an infinite degree of entanglement between N parties, i.e., N modes, N independent
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squeezed states are necessary, each infinitely squeezed. The teleportation protocol shows that an arbitrary number of
locations N are connected via EPR channels. For N infinitely squeezed states, all N(N − 1)/2 EPR channels provide
a potentially unit fidelity in a teleportation process between any two of the N locations.
II. BIPARTITE ENTANGLEMENT
To start with we will derive the entangled two-mode state that enables perfect quantum teleportation with unit
fidelity. The ‘position’ and ‘momentum’ of a one-dimensional wavepacket representing the quantum state of a single
polarization of a single transverse mode of electromagnetic radiation are direct analogues of the electric quadrature
amplitudes. In a units-free notation (where position = xL and momentum = p/L with an arbitrary length scale L






The position basis eigenstates are normalized: 〈x|x′〉 = δ(x−x′). An ideal (phase-free) beamsplitter operation acting
on the position eigenstates of mode 1 and mode 2 as
Bˆ12(θ)|x, y〉 = |x cos θ + y sin θ, x sin θ − y cos θ〉, (2)
yields an entangled state when applied to the momentum eigenstate |p = 0〉 = 1√
pi
∫
dx |x〉 of mode 1 and the position






















The outgoing ‘Bell-like’ state [20], a ‘two-mode momentum eigenstate’ with total momentum p1 + p2 = 0 and relative
position x1−x2 = 0, contains exactly the correlations we need for reliable teleportation. It corresponds to a two-mode
squeezed state, obtained by superimposing a ‘position-squeezed’ and a ‘momentum-squeezed’ state, in the limit of
infinite squeezing. After realizing that this state is (up to a scaling factor
√
2) one particular state of an infinite set
of ‘Bell states for continuous variables’,
|ψ(u, v)〉 = 1√
pi
∫
dx e2ixv|x〉|x − u〉, (4)
obeying the completeness and orthonormality relations
∫
dudv |ψ(u, v)〉〈ψ(u, v)| = 1 , 〈ψ(u, v)|ψ(u′, v′)〉 = δ(u− u′)δ(v − v′), (5)
quantum teleportation can be simply described by the decomposition
|φ〉in|ψ(0, 0)〉12 = 1
pi
∫




dx e2ixv|x〉〈x − u|. (7)
A projection of mode “in” (in the unknown state to be teleported) and mode 1 (one half of the entangled state) on the
‘Bell basis’ from Eq. (4) leaves mode 2 (the other half of the entangled state) in the input state of mode “in” up to a
corresponding unitary transformation (a phase-space displacement). An approximate version of the above entangled
state can be given for finite squeezing in the Wigner representation [5] and in the Schro¨dinger representation using
Fock basis states or position eigenstates [21]. Here we use the Heisenberg representation to describe an approximate
version of the above entangled state for finite squeezing. The beamsplitter operation applied to a ‘position-squeezed’




































A superscript ‘(0)’ denotes initial vacuum modes and r1, r2 are the squeezing parameters. The teleportation protocol,
involving this two-mode squeezed vacuum state as entanglement shared between sender and receiver, works as follows
[5]. Mode 1 is sent to “Alice” (the sender) and mode 2 is sent to “Bob” (the receiver). Alice’s mode is superimposed













Let us write Bob’s mode 2 as
xˆ2 = xˆin − (xˆ1 − xˆ2)−
√
2xˆu,
pˆ2 = pˆin + (pˆ1 + pˆ2)−
√
2pˆv. (10)
Alice performs the ‘Bell detection’ and obtains certain classical values xu and pv for xˆu and pˆv. The operators xˆu
and pˆv in Eqs. (10) collapse as the integral does on the right-hand side of Eq. (6) (for which u =
√
2xu and v =
√
2pv
and also for finite squeezing with only an approximate Bell state as entanglement source, the Bell detection still
projects on the perfectly entangled Bell states). After receiving Alice’s classical results xu and pv, Bob applies the
corresponding unitary transformation [as in Eq. (7)] and displaces his mode,
xˆ2 −→ xˆtel = xˆ2 + g
√
2xu,
pˆ2 −→ pˆtel = pˆ2 + g
√
2pv. (11)
The parameter g describes a normalized gain. For g = 1, the teleported mode becomes
xˆtel = xˆin − (xˆ1 − xˆ2) = xˆin −
√
2e−r2 xˆ(0)2 ,
pˆtel = pˆin + (pˆ1 + pˆ2) = pˆin +
√
2e−r1 pˆ(0)1 . (12)
For an arbitrary gain g, we obtain
















e−r1 pˆ(0)1 . (13)
For g = 1 and infinite squeezing (r1, r2 → ∞), the teleported mode becomes the input mode. Now we assume an
arbitrary coherent state input αin and calculate the teleportation fidelity, in this case defined by [22]
F ≡ 〈αin|ρˆtel|αin〉. (14)
It describes the overlap between the input and the teleported state ρˆtel. Up to a factor pi, this fidelity is the Q function
of the teleported field (at αin):





































in agreement with Eqs. (13) for a coherent input and 〈∆xˆ2〉vacuum = 〈∆pˆ2〉vacuum = 1/4. An average fidelity Fav > 1/2
(averaged upon the complex plane for all possible coherent input states) is only achievable using entanglement [22].
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For g = 1, in fact ‘classical teleportation’ with r1 = r2 = 0 yields Fav = F = 1/2. However, for any r1 > 0 or r2 > 0
we obtain Fav = F > 1/2 if g = 1. We must conclude that the Gaussian two-mode state obtained by superimposing
a single one-mode squeezed state with vacuum (any r1 > 0, r2 = 0 or vice versa) exhibits bipartite entanglement
since it can be used as EPR channel for quantum teleportation. Of course, reliable teleportation with perfect fidelity
Fav = F = 1 (for g = 1) requires r1 →∞ and r2 →∞ and hence two one-mode squeezed states superimposed. We set
r2 = 0 and look for the maximum fidelity of coherent-state teleportation achievable with a single one-mode squeezed
state r1 > 0 as entanglement source. In the limit of infinite squeezing r1 → ∞ and r2 = 0, we find Fav = F = 1/
√
2
for g = 1. We thus see that the two-mode squeezed vacuum state obtained by superimposing two independently and
equally squeezed vacuum states or produced directly from a nondegenerate optical parametric amplifier [21] is only a
special case of a wide class of (pure) Gaussian two-mode states exhibiting bipartite entanglement [17].
III. MULTIPARTITE ENTANGLEMENT
We now ask if it is also possible to connect more than two locations via EPR channels that can be used for quantum
teleportation. At first we consider three locations represented by “Alice”, “Bob” and “Claire”. We want to create EPR
channels that enable teleportation with perfect fidelity. In order to obtain the entangled three-mode state required,








to the momentum eigenstate |p = 0〉 = 1√
pi
∫

























The outgoing ‘GHZ-like’ state [13] is a ‘three-mode momentum eigenstate’ with total momentum p1 +p2 +p3 = 0 and
relative positions xi−xj = 0 (i, j = 1, 2, 3). It corresponds to a three-mode squeezed state, obtained by superimposing
two ‘position-squeezed’ states and one ‘momentum-squeezed’ state, in the limit of infinite squeezing. It obviously
exhibits tripartite entanglement. Using this state as entanglement source, can we still teleport an unknown quantum




dx |x〉1|x〉2|x〉3 = 1√
pi3
∫





dudvdw |ψ(u, v)〉in,1U †2 (u, v + w)|φ〉2U †3 (u, 0)|p = w〉3, (19)
with the Bell states from Eq. (4), the unitary transformation from Eq. (7) and momentum eigenstates |p = w〉, we
see which projections teleport mode “in” to a different mode: a Bell basis projection of mode “in” and mode 1 leaves
either mode 2 or mode 3 in the input state up to a corresponding unitary transformation, provided that the remaining
mode is projected on the momentum basis. This procedure is the continuous-variable analogue to the discrete-variable
quantum teleportation using three-particle entanglement in Ref. [23].
In order to consider finite squeezing, we again employ the Heisenberg representation. The above “tritter” applied






































































Here, we have the three squeezing parameters r1, r2 and r3. Can this three-mode state for finite squeezing still be
entangled and what amount of squeezing is sufficient to obtain tripartite entanglement? To answer this question we
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construct the teleportation protocol containing this state and involving three participants Alice, Bob and Claire. Let
us send the three modes of Eqs. (20) to Alice, Bob and Claire respectively. We again assume that Alice wants to
teleport an unknown quantum state. In order to do so, Alice again couples her mode 1 with the unknown input mode
“in” as in Eqs. (9). Let us write Bob’s mode 2 and Claire’s mode 3 as
xˆ2 = xˆin − (xˆ1 − xˆ2)−
√
2xˆu,
pˆ2 = pˆin + (pˆ1 + pˆ2 + pˆ3)−
√
2pˆv − pˆ3,
xˆ3 = xˆin − (xˆ1 − xˆ3)−
√
2xˆu,
pˆ3 = pˆin + (pˆ1 + pˆ2 + pˆ3)−
√
2pˆv − pˆ2, (21)
using Eqs. (9). Again, Alice performs a ‘Bell detection’ and obtains certain classical values xu and pv for xˆu and pˆv.
The operators xˆu and pˆv in Eqs. (21) collapse due to the entanglement. However, this time Alice sends her classical
results xu and pv either to Bob or Claire via classical channels. Now either Bob or Claire is able to reconstitute the
input state provided that additional classical information is received: Bob needs the result of a ‘momentum-detection’
by Claire reducing pˆ3 to p3 and Claire needs the result of a ‘momentum-detection’ by Bob reducing pˆ2 to p2, as
the integral of Eq. (19) completely collapses only with the determination of u, v and w (w = p2 or w = p3). Note
that only one mode, either Bob’s or Claire’s, can approach the input state while the other mode is destroyed by the
‘momentum-detection’. Assuming that Claire detects her mode 3 and sends the result to Bob, a displacement of Bob’s
mode 2 according to [see the remaining unitary transformation in Eq. (19)]
xˆ2 −→ xˆtel = xˆ2 + g
√
2xu,
pˆ2 −→ pˆtel = pˆ2 + g
√
2pv + g p3, (22)
accomplishes the teleportation. For g = 1, the teleported mode becomes






pˆtel = pˆin + (pˆ1 + pˆ2 + pˆ3) = pˆin +
3√
3
e−r1 pˆ(0)1 . (23)
For infinite squeezing (r1, r2, r3 → ∞), the tripartite entanglement is ideal and the teleported mode becomes the
input mode.
We calculate the teleportation fidelity for a coherent state input and find with Eqs. (23) according to Eq. (15) for

























For r1 = r2 = r3 = 0, we obtain F = 1/
√
5 which is even worse than the classical limit F = 1/2. On the other hand,
perfect teleportation with fidelity F = 1 can be achieved for infinite squeezing in all three one-mode squeezed states
that are superimposed as the entanglement source, r1, r2, r3 → ∞. But can we again replace a one-mode squeezed
input by vacuum and still have entanglement for teleportation better than classical? In order to exceed the classical






















In fact, this can already be satisfied using only a single one-mode squeezed state and two vacua. In this case, we
obtain the best result by setting r2 = r3 = 0 and requiring e
−2r1 < 2/3 to fulfill Eq. (25). If Alice and Bob arrange
to teleport Alice’s unknown coherent state to Claire (and both send the required classical information to Claire and
Claire performs the corresponding displacements), one can easily see that the fidelity also exceeds the classical limit
when e−2r1 < 2/3 and r2 = r3 = 0. For r1, r2, r3 →∞, also the teleportation from Alice to Claire has perfect fidelity
F = 1. In fact, Alice, Bob and Claire can determine any one of them as sender and another one as receiver. If the
entanglement shared by them relies on three squeezed states with r1, r2, r3 → ∞, the teleportation of an unknown
coherent state from the sender to the receiver is perfect with F = 1. For three equally squeezed states with finite
squeezing r1 = r2 = r3 = r, the tripartite entanglement necessary for quantum teleportation between any two of
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Alice, Bob and Claire is achieved with e−2r < 0.8 (roughly 1 dB squeezing in each mode) according to Eq. (25). Even
if the tripartite entanglement is based only on one squeezed state with e−2r1 < 2/3 (roughly 1.8 dB), the teleportation
is better than classical for any sender and receiver chosen. Thus, a single, 1.8 dB or better, squeezed state is sufficient
to link three locations via EPR channels, i.e., to generate a three-mode state exhibiting tripartite entanglement. In
the limit of an infinitely squeezed state r1 →∞ and r2 = r3 = 0, we find the same maximum fidelity (for any sender
and receiver chosen from Alice, Bob or Claire) as for the scheme involving only Alice and Bob, F = 1/
√
2.
In the following we want to investigate if the previous results can be extended to more than three parties. Again,
first we look for an entangled state enabling teleportation with perfect fidelity. For that purpose, we apply the
beamsplitter operations













to the momentum eigenstate |p = 0〉 = 1√
pi
∫
dx |x〉 of mode 1 and the N − 1 position eigenstates |x = 0〉 of mode 2,














where the resulting state contains products of N position eigenstates. The outgoing state is an ‘N -mode momentum
eigenstate’ with total momentum p1 + p2 + ... + pN = 0 and relative positions xi − xj = 0 (i, j = 1, 2, ..., N).
It corresponds to an N -mode squeezed state, obtained by superimposing N − 1 ‘position-squeezed’ states and one

















for any k, l = 1, 2, ..., N , k 6= l, we can derive the possible teleportation protocol using the N -partite entanglement:
a Bell basis projection of mode “in” and mode k leaves mode l in the input state up to a corresponding unitary
transformation, provided that all N − 2 remaining modes are projected on the momentum basis.
For finite squeezing, again we refer to the Heisenberg operators. The above “N -splitter” applied to one ‘momentum-
squeezed’ mode (with squeezing parameter r1) and N − 1 ‘position-squeezed’ modes (with squeezing parameters r2,
r3,...,rN ) yields ‘momentum’ quadrature operators for any N correlated as
pˆ1 + pˆ2 + ...+ pˆN =
N√
N
e−r1 pˆ(0)1 . (29)
The correlations of the outgoing ‘position’ quadrature operators may be described by
〈(xˆk − xˆl)2〉 =
{
0 for r2, r3, ..., rN →∞,
e−2r/2 for r2 = r3 = ... = rN = r,
(30)
which holds for any N and any k, l = 1, 2, ..., N , k 6= l.
Let us now assume that the N outgoing modes are sent to N different locations. We arbitrarily choose two
locations of them as sending (mode k) and receiving station (mode l) for teleportation. The teleportation protocol
for the teleportation of an unknown coherent state is almost the same as in the N=3-case. However, now the receiver













and in addition the classical results of N − 2 ‘momentum-detections’ at the N − 2 remaining stations. This can be
seen by writing mode l as
xˆl = xˆin − (xˆk − xˆl)−
√
2xˆu,










using Eqs. (31). Finally, the receiver displaces his mode by the sum of all classical results received,
xˆl −→ xˆtel = xˆl + g
√
2xu,






For g = 1, the teleported mode becomes
xˆtel = xˆin − (xˆk − xˆl),




For infinite squeezing (r1, r2, ..., rN →∞), the N -partite entanglement is ideal and the teleported mode becomes the
input mode according to Eqs. (29) and (30). Only the displaced mode at the receiving station emerges as output
while all the other modes at the remaining N − 1 stations are demolished by detections.
We can infer the fidelity for coherent-state teleportation using Eq. (29) and Eq. (30). For r1, r2, ..., rN → ∞, we
obtain F = 1 (with g = 1) for any sending and receiving station chosen from the N locations. Thus, N one-mode
squeezed states superimposed and used as entanglement source enable perfect teleportation with unit fidelity between
any of the N(N − 1)/2 channels (but, of course, not simultaneously by no-cloning [24]) when all states are infinitely
squeezed. For N equally squeezed states with finite squeezing r1 = r2 = ... = rN = r, the N -partite entanglement
necessary for quantum teleportation between any two of the N locations is achieved with
e−2r <
√
(N + 2)2 + 24N − (N + 2)
2N
, (35)









































The squeezing required must be enhanced with increasingN as [
√
(N + 2)2 + 24N/2N−(N+2)/2N ]→ 0 forN →∞.
What about using only a single one-mode squeezed state and N−1 vacua in this N -mode scheme? Remarkably, even
in this case, quantum teleportation of an unknown coherent state with F > 1/2 is possible in any of the N(N − 1)/2













which holds for any N . For N = 2 and r1 = 0, we obtain the known result for classical teleportation in a single





As already mentioned, for N = 2, any r1 > 0 is sufficient, and for N = 3, e
−2r1 < 2/3 is sufficient. In general, a
single, better than roughly (10 log10 N − 3) dB, squeezed state is sufficient to connect N locations via EPR channels
and to obtain an entangled N -mode state. In the limit r1 → ∞, we attain a maximum fidelity F = 1/
√
2 for any
N when teleporting arbitrary coherent states. Thus, the best achievable fidelity using only a single squeezed state as
entanglement source does not depend on the number of locations to be linked via EPR channels. We thus see that we
can use N independently and equally squeezed states to generate an entangled N -mode squeezed state, in the limit of
infinite squeezing, consisting of N maximally entangled modes. However, the class of (pure) Gaussian N -mode states
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FIG. 1. Fidelity for the teleportation of an arbitrary coherent state from any sender to any receiver chosen from N parties.
The multipartite entanglement is produced with N equally squeezed one-mode states (squeezing r).
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FIG. 2. Fidelity for the teleportation of an arbitrary coherent state from any sender to any receiver chosen from N parties.
The multipartite entanglement is produced with only a single one-mode squeezed state (squeezing r).
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